In the study of equisingularity of isolated singularities we have the classical theorem of Briançon, Speder and Teissier which states that a family of isolated hypersurface singularities is Whitney equisingular if and only if the µ * -sequence for a hypersurface is constant in the family. In this paper we generalize to non-isolated hypersurface singularities. By assuming non-contractibility of strata of a Whitney stratification of the non-isolated singularities outside the origin we show that Whitney equisingularity of a family is equivalent to constancy of a certain selection of invariants from two distinct generalizations of the µ * -sequence. Applications of this theorem to equisingularity of more general mappings are given.
Introduction
Notions of equisingularity for varieties date back many years, the modern era being started effectively by Zariski. Much work has been done in this area, see [2] for some recent significant and interesting results. A classical theorem of Teissier, and Briançon and Speder gives conditions for equisingularity of a family of complex hypersurfaces such that each member has an isolated singularity. In this case the family is called Whitney equisingular if the singular set of the variety formed by the family is a stratum in a Whitney stratification.
For any isolated hypersurface singularity we may associate a µ * -sequence: The intersection of the Milnor fibre of the singularity and a generic i-plane passing through the singularity is homotopically equivalent to a wedge of spheres, the number of which is denoted µ i . This is a sequence of analytic invariants. The result of Briançon-Speder-Teissier is that the µ * -sequence is constant in the family if and only if the family is Whitney equisingular.
A natural and long-standing question is what happens in the non-isolated case? More precisely, we assume that we can stratify a family so that outside the parameter axis of the family we have a Whitney stratification and seek conditions which give an equivalence between a collection of topological invariants and Whitney equisingularity of the parameter axis. In some sense this was answered in [30] using the multiplicity of polar invariants. However, in many situations the number of invariants is very large. We would like a small number of topological or algebraic invariants, defined in a simple manner, which control, and are controlled by, the equisingularity of the family.
An important theorem of Gaffney and Gassler, Theorem 6.3 of [11] , gives a partial result. Here they define the sequence χ * as the Euler characteristic of the Milnor fibres that occur for the family. This is an obvious generalization of the µ * -sequence as the Euler characteristic of the Milnor fibre is determined by the Milnor number in the isolated singularity case. The constancy of this sequence does not seem to be sufficient to ensure Whitney equisingularity. Thus, they define another sequence, the relative polar multiplicities, denoted m * , (see Section 3 for a precise definition). In the case of isolated singularities the constancy of µ * in the family implies the constancy of m * in the family.
The Gaffney-Gassler theorem is that Whitney equisingularity of a family implies that the sequences (m * , χ * ) are constant in the family. The aim of the paper is to give further conditions to ensure a converse. This is done in Theorem 4.9. Better than that, the number of invariants is reduced considerably in Theorem 5.9 to a certain selection from m * and χ * . The key condition in Theorem 4.9 is that the complex links of strata in the family (outside the parameter axis) have non-trivial homology. There are plenty of examples of spaces with this condition. In fact, in the applications we have in mind there is a plethora of examples. Many more need to be found though.
In Section 2 we describe the basic notations used and make precise the definition of equisingularity. Section 3 defines the relative polar invariant and Euler characteristic sequences via the method of blowing up of ideals. Two further sequences, the Lê numbers of Massey, denoted λ * , and Damon's higher multiplicities, denoted µ * , are defined in Section 4. As one can see from the notation, the latter is a generalization of the usual Milnor number. In fact the sequence is equivalent to m * , only the indexing is different. The λ * sequence is closely related to the χ * sequence -in a family constancy of one implies the constancy of the other. In contrast to m * and Damon's µ * , however, they are not equal, even after reindexing. Theorem 4.9 gives a partial converse to the Gaffney-Gassler theorem, i.e., gives conditions for (m * , χ * ) constant implies Whitney equisingularity. The main theorem, Theorem 5.9, is given in Section 5. This gives conditions for equivalence of different sequences and Whitney equisingularity. It also shows that one needs only a selection of invariants from two sequences -we do not require every element from both sequences.
Section 6 gives applications of the main theorem to families of maps with isolated instabilities such that the discriminant is a hypersurface. In this case we have a large supply of hypersurfaces that satisfy an important condition of the main theorem -the complex link of strata are not homologically trivial. The equisingularity of a family of maps -rather than merely equisingularity of their discriminants -is considered for corank 1 multi-germs f : (C n , x) → (C p , 0). Ultimately, we can produce theorems concerning topological triviality of families of maps.
Note that in the applications we treat the case of multi-germs. Despite not requiring much more work and their great importance, particularly in the study of images of maps, these have often been ignored in the past.
A number of remarks concerning the work of others and areas of possible research are made in the final section.
Equisingularity and basic definitions
In this section we give some notation and basic definitions related to equisingularity for the sets and the complex analytic maps that concern us. Standard definitions from Singularity Theory, such as finite A-determinacy, can be found in [7] and [31] . The zero set of a map F will be denoted V (F ), and its singular set, i.e., the points in the domain where the rank of the differentiable is less than the codomain, will be denoted by Σ(F ). A differentiable map is called corank 1 if its differential has corank at most 1 at all points. Note that, for convenience, this includes the case of non-singular maps.
Often we shall need to move from a germ and choose a representative, or a smaller neighbourhood, etc. Since this is entirely standard and is obvious when it occurs, no explicit mention shall be made of the details as they will be distracting to the exposition. Definition 2.1 Let X be complex analytic set and Y a subset of X. We say that X is Whitney equisingular along Y if Y is a stratum of some Whitney stratification of X.
This notion has been the subject of considerable investigation, see [12] for a survey from ten years ago and [2] for more recent developments in the hypersurface case. In the more general case of maps Gaffney made many of the fundamental definitions for the study of the equisingularity, see [8] . His work has been continued by him and others, see [9, 16, 18] .
The famous example of Briançon and Speder [5] shows that even in the hypersurface case the notion of equisingularity can be a delicate one.
. This is a family of quasihomogeneous hypersurface singularities indexed by t such that f t : (C 3 , 0) → (C, 0) has an isolated singularity at (0, 0, 0) and the Milnor number is constant for all t.
Since Σ(f ) is a manifold the obvious stratification of f −1 (0) consists of the manifolds f −1 (0)\Σ(f ) and Σ(f ). However, this stratification is not Whitney equisingular along Σ(f ) as the Whitney conditions fail at (0, 0, 0, 0). What is really interesting is that the family is still topologically trivial.
This example shows that the Milnor number is insufficient to achieve a Whitney stratification; the Briançon-Speder-Teissier theorem tells us we need to look at generic slices of the hypersurfaces. Precise conditions to achieve topological triviality are still the subject of current research.
Polar invariants via blowing up
We shall consider what are called polar invariants, these are very important in the study of equisingularity, see for example [30] . In this section we will consider them as arising from the method of blowing up ideals and in the next from the viewpoint of sheaf theory.
Let f : (C N +1 , 0) → (C, 0) be a complex analytic function, and denote the Jacobian ideal by J(f ):
where V (J(f )) is the zero-set of J(f ).
A hyperplane h in P N can be pulled back by the natural projection p :
is not contained in the product of C N +1 and h). We call this a hyperplane on
be the other natural projection. For suitably generic hyperplanes h 1 , . . . , h k in P N , the multiplicity at the origin of b(
) is well-defined invariant of f , see [11] .
Definition 3.2 For 1 ≤ k ≤ N , the kth relative polar multiplicity of f is the multiplicity of the scheme
From this we can define a sequence of invariants m * (f ). Full details of the above construction and proofs of the various assertions can be found in [11] where the authors also show that the situation can be generalized to ideals other than the Jacobian.
We can now define another, perhaps more familiar, sequence of invariants; these have a topological nature. From this we can define a sequence
In the case of an isolated singularity, this (effectively) reduces to the standard µ * -sequence in Equisingularity Theory. The generic Lê numbers, i.e., those formed by taking generic hyperplanes, can be defined using the blowing up setup as follows. Denote the exceptional divisor of the blowup by E. Then, Gaffney and Gassler in [11] define the kth Lê number, λ k (f ), to be the multiplicity of
where · denotes intersection product and 1 ≤ k ≤ N . That these coincide with Massey's definition can be found in Theorem II.1.26 on page 61 of [26] . Note, however, that this defines the number by codimension, whereas Massey defines the Lê numbers by dimension. To avoid confusion in this paper for our invariants we will generally use superscripts to denote dimension and subscripts to denote codimension. Hence, in Gaffney-Gassler notation of [11] 
(f ) (which we shall define in the next section).
The significance of the invariants m * (f ) and χ * (f ) is made clear in [11] .
Theorem 3.5 (Theorem 6.3 of [11] ) Suppose that we have a family of maps
The main aim of this paper is to investigate extra conditions upon V (F ) which imply that the converse holds. Note that in [11] the authors do prove a partial converse in their Theorem 6.2 by showing that the smooth part of V (F ), the smooth part of its critical locus Σ and the components of the singular locus of codimension one in Σ are all Whitney regular over the parameter axis.
Note that in the case that f t is a family of isolated hypersurface singularities we have that µ * (f t ) is constant is equivalent to χ * (f t ) is constant and these imply that m * (f t ) is constant. Hence, in this particular case we know by the Briançon-SpederTeissier result that (m * (f t ), χ * (f t )) constant does imply that there is a stratification such that T is a Whitney stratum.
Definition 3.6 Suppose that we have a family of maps, we wish to make precise what it means for an invariant of the members to be constant in the family. We shall take it to mean that there is an open contractible neighbourhood of the origin in the parameter space over which the invariant is constant for elements of the family. This definition saves us from constantly referring to the neighbourhood.

Polar invariants via sheaf theory
Using intersection theory and sheaf theory Massey has given a different interpretation of the blowing up we have just seen. The material in this section comes mostly from [24, 25, 26] . The book [26] in particular contains useful appendices on analytic cycles, intersection theory, and on vanishing cycles for sheaves.
Suppose that F • is a complex of constructible sheaves on an analytic space X and that f : X → C is a complex analytic function. Then we denote the vanishing cycles of F
• by φ f F • . See [26] Appendix B for a full definition and important properties of this complex.
Goresky and MacPherson developed a theory of Morse data on stratified spaces with respect to constructible sheaves. Recall their definition of a non-degenerate conormal vector, see [13] page 160. Let p be a point in the stratum S of X and let
Also, the set of non-degenerate normal covectors is the set
N be a complex analytic space with a Whitney stratification {S α } such that the strata are connected. Let F
• be a complex of sheaves which is constructible with respect to this stratification.
Let
Then, the characteristic normal Morse data for the pair
where χ denotes the Euler characteristic of the sheaf (at the point x ∈ S α ).
In the case that F • is the constant sheaf C
• X then we write m(S α ) and call it simply the characteristic normal Morse data of the stratum. In this case,
where B ǫ (x) is a sufficiently small open ball of radius ǫ centred at x, and η = 0 is also sufficiently small. Note that Massey uses a different notation, i.e., our m(S α , F • ) is his m α (F • ), and our m(S α ) is his m α . For complete intersections the number m(S α ) is very important.
Remark 4.4 If X is a complete intersection, then the complex link of a stratum is
homotopically equivalent to a wedge of spheres, see [13] page 187 or [21] . Provided S α is not a 'top', non-singular stratum of X (i.e., a stratum of maximal dimension), then m(S α ) is just the number of these spheres. See, for example, Example 6.5 of [24] .
Thus, in the case of complete intersections m(S α ) ≥ 0.
In the general case, Massey calls strata visible if they have the property that m(S α ) = 0. More important to us are the cases in which this number is positive. This latter property will be a vital assumption in later theorems and their applications and so to prevent 'empty theorems' we need to produce a significant set of examples for which this holds. We now come to some interesting examples which not only supply plenty of examples, they are useful in applications, see Section 6. [8] and in Section 6 of this paper.) [27] or [7] Then, the following are equivalent.
(ii). The stratum T is Whitney equisingular over all the strata S α .
Proof. (ii) =⇒ (i): This is Theorem 6.3 of [11] , stated here as Theorem 3.5.
(i) =⇒ (ii): This follows from the argument of Theorem 6.5 of [12] : Consider the stratification of X\T . The set S α is a complex analytic set and thus we can take a Whitney stratification {R β } of X such that S α is a union of strata.
For each S α there exists a unique β such that S α = R β . By Chapter 3 of Part III of [26] the exceptional divisor of the blowup of the Jacobian ideal of F is, as a cycle, the sum of the projectivisation of the conormal of strata in the stratification {R β }, where each stratum has a multiplicity equal to m(R β ). Thus, as m(R β ) = m(S α ) = 0, the closure of R β is the image of a component of the exceptional divisor of the blow-up.
Thus, by Theorem 6.5 of [12] we know that R β satisfies the Whitney condition along T . Actually, more than this is true as in their proof the authors use Teissier's Theorem V.1.2 in [30] which states that the non-singular part of the closure of R β is Whitney over T . As S α = R β we deduce that S α is Whitney over T . Now recall the definition of polar varieties as described in [24] . Let M be the affine space C N +1 , and let If the coordinates are chosen to be sufficiently general, then we get the (generic) absolute polar varieties of [30] and [22] and we drop the z and write Γ i (Y ). The following definition arises from Section 7 and Theorem 0.5 of [24] . The characteristic polar cycle of a complex of sheaves is defined there in a different way, but is shown to be equal to the below in 'good' situations.
Definition 4.11 Suppose that F
• is a constructible sheaf with respect to the Whitney stratification {S α } of X ⊂ M , where X is a complex analytic set.
The kth characteristic polar cycle of F • (at p) is the cycle
where the sum is over all S α such that p ∈ S α .
Since the coordinates are generic there is a well-defined multiplicity for Γ k (S α ) and so we define the multiplicity of 
This example is very important as we will see in Lemma 4.16 that we can relate these invariants to the relative polar multiplicities of f defined earlier.
We shall drop the reference to p in λ k p (F • ) since generally p will be the origin. Recall that if (X, x) is a complete intersection complex analytic set, then the complex link of x is a wedge of spheres of real dimension dim C X − 1.
Let f : (C N +1 , 0) → (C, 0) be a complex analytic function. If H i is a plane of dimension i through the origin, then V (f ) ∩ H i is a complete intersection.
Definition 4.15 (Cf. [6] ) The kth higher multiplicity is the number
where
For sufficiently general H k this is a well defined invariant of V (f ). These invariants are linked to the relative polar multiplicities by the following lemma. The three parts of which are effectively from Example 8.4 of [24] . 
(i). We have
(ii). The numbers 
(iii). For all
Proof. For parts (i) and (ii) we note Massey's statement in Example 8.4 of [24] that
. . .
Part (iii) is just the comment from the end of Example 8.4 of [24] . See also Example 6.5 and 6.10 of the same paper for further information. 
Remark 4.17 Note that (i) and (ii) combine so that the numbers
Reducing the number of invariants
We turn once again our attention to the main idea of the paper -using nontriviality of normal Morse data outside of a stratum to give a converse to Gaffney and Gassler's theorem (stated above as Theorem 3.5). This time we shall add an extra condition to reduce the number of invariants required in Theorem 4.9 even further.
A further condition required is that outside the stratum of interest the family of maps is locally trivial over the family's parameter. At first sight this may seem a strong condition, but it is found in the main examples of interest. For example, in the classic Briançon-Speder-Teissier result the family has a line of singularities and outside this line at each point the space is a manifold and for each a small neighbourhood is the product of the parameter axis and a neighbourhood of the point p in the space above the projection to the axis.
In this section we assume the following. Let f : (C N +1 , 0) → (C, 0) be a reduced hypersurface and F (x, t) = (F (x, t), t) be a one-parameter unfolding such that F (x, 0) = f (x). Take a representative of F , also denoted F , so that F : U → C is such that U ⊆ C N +1 × C is an open contractible set. Let X = V (F ) and T = U ∩ ({0} × C), and let π : C N +1 × C → C denote the natural projection. We can identify T with its image in C under this map. Let π −1 (t) = M t . For a stratum S α of a stratification {S α } α∈Λ of X\T we define S α,t := M t ∩ S α . As usual we assume that strata are connected. (ii). The set T is contractible.
(iii). The manifold M t is transverse to S α at every point (x, t) ∈ S α ⊂ X\T for all strata S α in the stratification of X\T .
(iv). For all α ∈ Λ, S α,0 = ∅.
Note that M t = C N +1 × {t} is a slice such that {S α,t } α∈Λ with {0} is a Whitney stratification of X t := M t ∩ X.
Due to the product structure on X we can say something about m(S α , F • ) for various F
• .
Lemma 5.2
Suppose that F has a product structure over T . Then
for all t in the family and S α,t = {0}.
Proof. As S α,t = S α ∩ M t inherits its stratification from S α the complex link of S α,t is just the complex link of the stratum S α . Therefore, m(S α,0 ) = m(S α,t ) as strata are connected and S α,0 = ∅.
For the second part, we note that we have just shown that the characteristic normal Morse data is in effect constant along T (recall that T is contractible) and hence we must show that for points p t ∈ S α,t and p 0 ∈ S α,0 that there exist neighbourhoods U t and U 0 and a stratum preserving homeomorphism h :
Mt is constructible on M t and M t can be Whitney stratified so that V (f t ) is a union of strata. Therefore the stratification is Thom A ft , see [4] or [29] , and hence by Thom's Second Isotopy Lemma we have the triviality over strata required for constructibility.
Next, the above isomorphism amounts to saying that at every point we can find an isomorphism between the vanishing cycles of f t and f 0 at corresponding points in the homeomorphism of U t and U 0 .
Since F has a product structure over T we have that at every point outside T that the fibres of F over T are topologically trivial and this homeomorphism is stratum preserving. By [21] we know that topologically equivalent hypersurface singularities have homotopically equivalent Milnor fibres. Hence, the required result is true.
Perhaps the most important fact we can deduce from the assumption of a product structure is that the multiplicity of the absolute polar varieties of the strata of fibres is upper semi-continuous.
Proposition 5.3
Suppose that F has a product structure over T and the hypersurface defined by f t : (C N +1 , 0) → (C, 0) given by f t (x) = F (x, t) is reduced for all t ∈ T . Then, for S α,t = {0} we have that
That is, for sufficiently small t we have
Proof. First we need to define the relative ith polar variety, denoted
It is defined similarly to Definition 4.10 and so we shall use the same notation from there. Note that the domain of L i is still
) is the closure of the union for all s of the set
provided that the dimension of this closure is greater than or equal to i. If the dimension condition does not hold, then we define Γ i z (Y, h) to be the empty set. As in the remarks following Definition 4.10, by taking sufficiently general projections we can drop the reference to z and get the relative ith polar variety of a closed complex analytic set Y associated to a complex analytic function h, denoted Γ i (Y, h). In [8] this set is denoted P j (Y, h), where j is its codimension in Y . Similarly the absolute polar varieties of a set Z is denoted P j (Z) where j is its codimension in Z.
In our setup we shall have Y = S α , h = π and Z = S α,t .
As we shall require the results from [8] we explicitly note the connection between the notation there and here. We have
In the following we shall assume that 1 ≤ k ≤ dim S α,t without further comment. By the assumption that F has a product structure we can apply Lemma 5.3 of [8] and see that
for all t and for 0 ≤ j ≤ dim S α,t − 1. In our notation this is
Hence, as the multiplicity of a hyperplane slice of a closed analytic set Z is greater than or equal to the multiplicity of Z by Proposition 7, AC VIII.76 of [3] , we have
(On the left hand side we are taking the multiplicity at the origin in C N +1 and on the right it is the multiplicity at the origin in C N +1 × C.) Next, Teissier's result, Proposition IV.6.1.1 on page 451 of [30] , regarding the upper semi-continuity of the multiplicity of relative polar varieties associated to a map gives
for all t in some neighbourhood of 0 in C. Finally, for all strata S α of X we have that T ⊆ S α . So, essentially by Proposition VI.2.1 (p. 477) of [30] , there exists a contractible open neighbourhood W of (0, 0) in C N +1 × C such that W ∩ (T \{(0, 0)}) is a Whitney stratum in the obvious stratification of X ∩ W . (That is, the one given by the stratification of (X\T ) ∩ W with the addition of (T \{(0, 0)})∩ W and {(0, 0)}). Hence for all (0, t) ∈ T \{(0, 0)} in this neighbourhood we have by Theorem 5.6 of [8] that
This provides the result
that we seek.
Now we can state a lemma which will be at the heart of our next theorem.
Lemma 5.4 Suppose the following:
(i). The map F has a product structure over T .
(ii). The hypersurface defined by
(iii). The characteristic normal Morse data m(S α,0 ) is non-zero (and hence positive) for all S α,0 = {0}.
Then,
where r is a non-negative integer.
Proof. From the definition of λ k (C • V (ft) ) (and as the maps f t are reduced) at the origin of C N +1 × {0} we see that
Since Γ 0 (S α,t ) = ∅ for all S α,t = {0}, and Γ k ({0}) = ∅ for all k ≥ 1, this reduces to
The last equality above comes from Lemma 4.16(i).
As we have a product structure then
for all t in the family by Lemma 5.2. As mult 0 Γ k (S α,t ) is upper semi-continuous by Proposition 5.3 and m(S α,t ) = 0 then we can deduce that for each k ≥ 1
, see Example 4.13, and we have
As we have a product structure we have m(S α,t , φ ft C
• Mt ) is constant in the family by Lemma 5.2.
Therefore, for each k ≥ 1,
Thus, by Lemma 4.16(ii), ( * ) and ( * * ) we get the statement. [25] or [26] Remark 5.6 In the proof of the lemma, a key reason for controlling the higher multiplicities (and hence the relative polar multiplicities) is that the multiplicities of the absolute polar varieties of the strata are kept constant. It is well known that constancy of these (with some other conditions) can be used to control the Whitney conditions. See [8] and [30] . This result is perhaps not surprising when one considers one of the main theorems in [22] . In Théorème 4.1.1 of that paper the µ i (f ) (and hence λ i (C • V (f ) )) are connected to the terms χ dα 0 +1 (X, X α0 ) and χ dα 0 +2 (X, X α0 ), and the m(S α ) correspond to the 1 − χ dα+1 (X, X α ).
Remark 5.5 Note that if we have constancy of all the
It would be interesting to explore the connection with the work of [22] and make it more explicit. We state another useful lemma for relating invariants in families.
Lemma 5.8 Suppose that
Proof. By, for example [26] page 73, the reduced Euler characteristic of the Milnor fibre of f t (which is equal to χ N +1 (f t )) is equal to the alternating sum of the Lê numbers λ i (f t ). From this the lemma follows.
The main theorem is that we can give a converse to Gaffney and Gassler's Theorem 6.3 (stated above as Theorem 3.5) with fewer invariants. Compare also with Lemma 3.1 in [15] . We return to the set up for f and F from the start of this section. Then, the following are equivalent.
(ii). The statement of such a theorem is obviously ugly and so we choose to omit it. However, it is an obvious generalization that may be of some interest in certain cases. 
Applications
We now apply Theorem 5.9 to reprove some old results, improve others and to give new ones. In particular we will consider what happens for equisingularity of families of finitely A-determined multi-germ maps f t : (C n , S) → (C p , 0).
The classic Briançon-Speder-Teissier result
The first application is to show that Theorem 5.9 gives the classic Briançon-SpederTeissier result. The demonstration of this is included as it is hoped that the proof will shed light on the application of the theorem to families of finitely A-determined maps. Proof. As the Milnor number µ N +1 (f t ) = µ(f t ) is constant the set X = {x ∈ f −1 t (0) for some t} has singular set equal to T = {0} × C ⊂ C N +1 × C. Thus we can partition X into the manifolds by {X\T, T }. We have a product structure along T as X\T is a manifold and X ∩ (C N +1 × {t}) = f −1 t (0) has a stratification which is obviously Whitney. The normal Morse data of X\T is equal to 1 by Example 4.5.
The 
as the Milnor fibre of f t is a wedge of spheres, the number of which is µ N +1 (f t ). Thus by Theorem 5.4, where (ii) ⇐⇒ (v), we deduce the result.
(ii). G is corank 1 and n < p. Proof. Since f is in the nice dimensions it is of discrete stable type. The stable types appearing in any unfolding will obviously be in the nice dimensions and so the complex links of the stable types are non-contractible by Example 4.7. Thus the characteristic normal data is non-zero and so condition (ii) of the theorem is satisfied.
We can now state a theorem for the case of images with p = n + 1. Proof. The map f is of discrete stable type because f 0 is corank 1. Furthermore, the stable types appearing in any unfolding will also be corank 1. The complex links of the stable types are non-trivial by Example 4.6 and so condition (ii) of the theorem is satisfied.
Remark 6.14 See [17] for conditions on members of the family to show that F is an excellent unfolding.
Main theorem on families of map-germs
We can stratify the map F so that the parameter axes S and T are strata. Gaffney initiated this study of equisingularity of finitely A-determined maps -rather than just hypersurfaces -in [8] . His statements were for mono-germs but the extension to multi-germs is fairly straightforward.
has an isolated instability at the origin.
We say that F is Whitney equisingular (along the parameter axes) if there is a representative F : U → W so that U ⊆ C n × C and W ⊆ C p × C can be Whitney stratified so that (i). F satisfies Thom's A F condition, and (ii). the parameter axes S = {x} × C ⊆ C n × C, and T = {0} × C ⊆ C p × C are strata. That is, the parameter axes are strata.
Remark 6.16 By Thom's Second Isotopy Lemma if a family is Whitney equisingular, then it is topologically trivial.
For mono-germs we can improve on the main theorem in [15] . Proof. Clearly, if F is Whitney equisingular along S and T , then the image is Whitney equisingular along T and hence by Corollary 6.13 the sequence is constant in the family. For the converse the same corollary implies that if the sequence is constant, then the image is Whitney equisingular along T . The main theorem of [10] implies that the source may also be Whitney stratified so that S is a stratum. Since Gaffney only proves this for mono-germs we also have to restrict to mono-germs.
The Thom A F condition follows automatically because if h : Y → Z is a finite complex analytic map with Y and Z Whitney stratified so that strata map to strata by local diffeomorphisms, then h satisfies the Thom A f condition as the kernels in the definition of Thom A F are all {0}. The map F is finite and so the submersions formed by taking restrictions to strata are in fact local diffeomorphisms.
Hence, F is Whitney equisingular. [18, 19] and Saia [20] . That these coefficients are equal to ±1 appear to be a reflection of the fact that in the case of C n to C p with n < p and corank 1 the stable types appearing have characteristic normal data equal to 1 by Example 4.6.
Final remarks
More specifically, the alternating sum of the multiplicities of the characteristic polar cycle of the constant sheaf C and since m(S α,t ) = 1 (in the notation of Lemma 5.4) we get an alternating sum of the polar multiplicities mult 0 Γ k (S α,t ). Alternatively, it is well known that the alternating sum of polar multiplicities is equal to the Euler obstruction, see [23] . Thus corank 2 maps, and in particular their characteristic normal data, will need to be studied to determine the precise explanation. It is difficult to express succinctly the reasons behind this strong probability in the current space and so the interested reader is directed to [26] 
